rry Simon
(Joint with D vid D m nik (Rice)
nd Rowan Killip (UCL ))



OPRL and OPUC

We will mainly consider Jacobi matrices

/bl ap 0 ... \
a1 by ao ..

J=1]1 0 apy b3

and the associated orthogonal polynomials (OPRL: RL = real
line) which obey ({an,bn}>2 1 are called Jacobi parameters)

rpn(z) = ap41Pp+1(x) + byyp1on(x) + anpp—1(x)

dp is the spectral measure for J and (1,0,...)t. J — dp via
spectral theorem. dp — J by OPs and recursion relations.



We will also say something about OPUC (UC = unit circle);
®,(z) = monic OP

Ppt1(2) = 2®Pn(2) — anPy(2)

P3(2) = 2" B(1/2)
{an}nzg <> C < du

C = CMV matrix

lan| < 1 and are called Verblunsky coefficients.



Main Results for (Slow) Decay to Free Case

Weyvl: a,, — 1,bn — 0 = O'ess(]) = [—2,2]

oess = hon-isolated points of dp

2

Denisov—Rakhmanov: oess(J) = X ac(J) = [-2, 2]

:>a,n—>1,bn_>o

> ac = essential support of a.c. spectrum, i.e.,

dp = f(x) dx + dps Zac ={z| f(z) # 0}



3 Szegd: Suppose that oess(J) = [-2,2]; >;(|E;| — 2)1/2 <

co. [T hen the following are equivalent:

(i) inf(ajas...an) >0
(i) X2 1laj — 1|2 +[b;|* < o0; X(a; — 1) and > b; cond. conv.
(iii) [25109(f(2))(4 —22)"1/2dz > —co (Szegd condition)

4] Killip-Simon: %2 |a; — 1|2 4 [bj|? < 00 &

(i) oess(J) = [-2,2]
(i) S(Bj| —2)32 < oo
(iii) [2510g(f(2))(4 —22)1/2dz > —co (Pseudo-Szegé condition)



Hints for Periodic Case

20 (0) 20 _ (0 (0)

are periodic, i.e ap Ly = nfep = bq(P)

Weyl still holds: |an—a'® |+ |bn— b2 = 0 = cess(J) = oess(J(@)

Deift—Killip still holds (Theorem of Killip in his thesis):
Slan — ai 12+ b — 5|2 < 00 = Tac(J) = Zac(J©)

Widom—Aptekarev—Peherstorfer—Yuditskii: Finite band 4+ Szegd
-+ % power on external eigenvalues = an,bn, have an (almost)
periodic limit.

Only one direction for the first two results!



Special case OPUC aq(lo) = a (Geronimus polynomials). 6y given
by sin(300) = |a|. Then Tac = gess = {e? | g < 0 < 2w — O} =
Z‘CL‘

Lopez has developed much info about perturbations in this case.

Theorem (Barrios—Lopez). lan| — |a|, (op41/om) = 1 =
O'ess(C) — Z|a,|

Theorem (Bello—Lopez; Simon; Alfaro et al.; Barrios et al.).
oess(C) = Zac(C) = X4 = |an| = |a], (apy1/an) =1



Isospectral Tori, 1

For each M\ € 9D, aff‘) = Mla|. These are all the periodic ay's
with 2 5¢c = Z|a|. The isospectral set is a circle. Lopez theorems
are results about approach to this circle of a's.

Returning to OPRL, recall theory of periodic case. Look at
whole line {ago),bg”}p:l as parameters. Whole line J commutes

with u, — Up4p SO direct integral decomposition

& do
J :/ 7(0) o

J(0) is Jacobi matrix on £3° = {u | u,4, = eun}.



Isospectral Tori and Discriminants

Transfer matrix (ag = ap)
T(az)zi bp—x ap_1\ 1 (b,_1—x ap o) 1 (by—2x ag
ap ap 0 ap—1 ap—1 0 aq al O
detT'= 1. Discriminant defined by
A(z) = Tr(T'(z))

Polynomial of degree p. Eigenvalues of T' are

2
. Agr;) . J (A;@) .

Bounded solns < [AL| =1 < A(x) € [-2,2].



z is eigenvalue of J(0) < Ayr = e o A(z) = 2cos6
= A(J(0)) = 2cosb1

(A(x) is a polynomial, so A(op) is well-defined.)

o(J) = A"1([-2,2])

All roots of A(xz) — 2cosf have z € R.

10



Isospectral Tori, 3

{an,bn}ﬁzl — A(z) maps R?P — polynomials of degree p

Inverse image of point is generically a p — 1 dim manifold. Tori
of dim L.

Conjectures in OPUC Book

Analogs of Big Four but distance to isospectral torus replaces
distance to an, = 1, b, = 0. Last—Simon proved Weyl-like theo-
rem. Damanik—Killip—=Simon get the others (with extra—all gaps
open—assumptions in the Szeg6 and Killip—Simon analogs).

12



The Big Theorems

Given two sets of Jacobi parameters:

©@)

dn((a7 b)) (ala b’)) = Z e_7n[|a’77,—|—’m, o a'{n—|—m‘ + |bn—|—m o b;z—|—m|]

m=0
If 7 is an isospectral torus,

dn((a,b),T) = min(dn((a,b), (a’,b)) | () € T)

Jo is two-sided periodic. T is isospectral torus of Jj.
Theorem 1 (Last—Simon). If d,((a,b),T) — 0, then cess(J) =
o(Jp).

Theorem 2 (DKS). Ifoess(J) = o(Jg) and Zac(J) = o(Jy), then
dn((a/, b),T) — O

13



Theorem 3 (DKS). Suppose oess(J) = o(Jg). ; dist(E;, a(Jp))/? <
co. Suppose all gaps are open. Then the following are equiva-
lent:

(i) i%f(al...an/ago)...ago)) >0

(i) f dn((a,b),T)? < 0o + (i)

n=1

(iii) /O(JO) log(f(x))dist(z, R\a(Jo)) 1/ 2dz > —oc

It is known when (i)—(iii) hold, a;,b; have a limit in 7. For now,
with our methods we have a simple proof that a; has a periodic
limit but we have not yet controlled the b's.

14



Theorem 4 (DKS). Suppose all gaps are open. Then

> dn((a,b), T)2 < oo
n=1
ifF
(i) oess(J) =0c(Jo)
(i) S dist(E;,0(J0)3/? < oo
j

(i) /G(JO) l0g(f(z))dist(z, R\ (J))/2 dz < oo

For Theorem 1, cess(J) D o(Jg) is “easy” half and oess(J) C
o(Jg) is “hard” half. The DKS method also provides alternate

proof of the hard half of Theorem 1.

I'll sketch the proof of Theorem 2 (Denisov—Rakhmanov analog).
15



Proof of Theorem 2. K = A(J). Since p bands of J map each
to [—2, 2], Kac has multiplicity p. Thus, block Jacobi DR applies.
This means that any right limit of K is SP 4+ S~P. (Here right
limit means strong limit of S™KS~™ on ¢2(Z)). If Js is a right
limit of J, A(Jx) is thus SP + S—P. Therefore, all right limits of
J are in 7. Compactnhess completes the proof.

21



Remarks on L? Results

Where does the all-gaps-open hypothesis come in? In general,
one gets a Killip—Simon-type theorem for matrix-valued mea-
sures. On one side, one gets >, Tr(B;:Bn) + Tr((An — 1)*(Apn —
1)) < co. On the other side, one gets a term like [log(det f)(4 —
2)1/2 dz. Handling the det f is a little tricky, but the key diffi-
culty is going from ¢2 bounds on distance of A(J) to SP 4+ S—P
to ¢2 bounds on dn((a,b),T).

The key fact that holds when all gaps are open is that the gradi-
ents of the coefficients of A span the normal bundle to 7. That
cannot be true if any gaps are closed.

The magic formula has lots of other applications.
22



A Final Note

From the point of view of recursion coefficients, these are com-
plete results (except for the still missing statements when there
are closed gaps). But from the point of view of measures, they
are VERY incomplete.

Consider for example Denisov—Rakhmanov. Our result says some-
thing about a finite set of intervals. If the a.c. and essential spec-
trum is that set of intervals, then the recursion coefficients ap-
proach the isospectral tori associated with those intervals. BUT
one needs the extra hypothesis that the harmonic measures of
the intervals are all rational — because only then are we per-
turbing about a periodic problem.

23



If the intervals are general, there is still an isospectral torus, but it
is of almost periodic potentials. There is an obvious counterpart
of Denisov—Rakmanov but we have no idea how to prove it! For
almost periodic problems have no discriminant and so no0 magic
formula.

24
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