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T he Problem

Let Kéfgy be the trace-class operator with ker-
nel
Ai (uw)Ai’(v) — Ai (v)Ai"(u)
Kaz'ry(ua v) =

u—v

acting on L2(—s,0), s > 0. Here Ai(x) is the
Airy function.

We are interested in the behavior of

det (I - Kg;;?y) = Pry(—s),

daS s — O0.



We prove
Theorem 1.

The large-s asymptotics of the Fredholm de-
terminant det <I _ k) ) are given by the for-

airy
mula

3
(s) \ _ S 1
det(I—Km-,ry) ——E—§|ﬂ8—|—li

+0(s73/2),

where (The Tracy-Widom conjecture)

_ 1 '
ﬁ—24|02+C( 1),

and ((s) is the Riemann zeta-function.

(P. Deift, I. Krasovsky, A. I.)



Remark 1. (The difficulty)
T he standard procedure:

o det (I _ K(S)) —, det ([ _ 7K(8)>
e I4+R) = (1-KO) " R~ s
o« Lindet (I —~yK®) = —trace R{”

Needed: the uniform asymptotics of R%S) for
all 0 <~ < 1.

The reality: can be achieved for 0 < v < ~g
with v9 < 1 but not for v = 1.



One of the ways to see this:

Observe that

det (I - 7K552y> = F}y(—s)

= exp {— _o:(s + a:)uz(x)daf;} ,

where

Ure = zu + 203, w(z) ~yAi(z), = — oo.



The behavior of the solution u(z) at x — —o0:

e 0 <~ <1 (Ablowitz-Segur solution):
w(z) = (—2)~4asin {%(—x)?’/z _ Z In(—z) + ¢}
—I—O(m_1/4), x — —O00.

1
a? = -~ In(1-+?),
7

3 5 7T o?
= —a"In2—-—+argl [i—
¢ 5 4 T arg (’62)

e v =1 (Hastings-McLeod solution):

T
u(x) ~ \/—5, T — —00



e 0y <1

233/2, S — OO
In det (I — ny(giry)
n

o v=1:

— 1 83 S — OO
K iy
I by
INn det (



TO summarize:

The core of the difficulty is the necessity to
integrate the asymptotics of

d
™ In det (I — Ké;%) = —trace R%S),

over a boundary layer as v— — 1.



Airy as a limit of Laguerre

Let qu,o‘) be the trace-class operator with ker-
nel

Kn(z,y) = %wn(:c)wn—l(y; : :n(y)wn_l(g;)

acting on L?(a, ), a > 0. Here

wp(z) = e 2"p.(x), Ek=0,1,...,

and pr(xz) = pr(x;n) denote the scaled La-
guerre polynomials,

pi(z) = 2v/nLY (4nz).



We note that

- —4nx de = 6
o © Pr(x)pm(x)dT = Of 1)

and

pr(x) = cpa® + - -



Consider the Fredholm determinant:

Dn(a) = det ([ _ Kﬁﬁ‘)) |

Proposition 1.

i __° _ _ (s)
lim Dy, <1 (2n>2/3> det([ Kmy>

(cf. Forrester, Tracy, Widom, Deift, Goev,
Vanlessen)

10



An outline of the proof of Theorem 1

Proposition 1. (The Riemann-Hilbert analy-

Sis)
A D) = (1 — )2 O
do nA = o) “ 4(1 — a?)
1
O
" <n<1—a>5/2>’
5o 53/

Va € O71_(2n)2/3]’ n > >

Conclusion: The theorem 1 will be proven if
the behavior of Dy(a) at o« — 0 with n fixed is
known
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Proposition 2. (Multiple integral representa-
tion)

Dp(a) = Con / /O (Cﬂj — xk)z

0<y <k<n 1

n—1
X H e 4T dxq...dx,_1,
j=0

/ / (zj — xp)?

0<j <k< —1
n—1

X 6_4nxjd:co...d:vn_1
=0
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Observation 1.

Da(e) = 3 (%) An (14 On(a)

a— 0

An=%/_11.../11 [T ¢ —t)?

~0<j<k<n—1

Xdtg...dty,_1,

(=g )
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Observation 2. (Selberg Formulae)

n—1 2n—l
Cn=[] ¢ = (4n)™™ [ (k)=
k=0 k=0

(Laguerre polynomials)

n—1 22k(k!)4 2

n—1
An= ] 42 =]
k=0 k=0
(Legendre polynomials)

[(2K)1)2 2k + 1
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Corollary 1.

In Dp(a) = (g—l—lna> n? ——1n

‘|‘C/(—1) ~+ 6n + On(a),

on — 0, n— o0

Corollary 2. The theorem 1
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The Widom-Dyson constant. The Sine
kernel case

Dp(«) := det Ty [9],
where

Tolg] == {¢;_1}, k=0,..,n—1,

and
k-1 92

o)
271

o= [, #(:)z
$(2) = xo(2),

Co:a<argz < 2w — a.
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Observation

lim Dn|a:28/n = det(1 - KSine)’

n—oo

where
Ksine : L»(0,2s) — L~(0,2s),

sin(x —y)
m(x—y)

Kgine(z,y) =

Dyson’s conjecture

2
det(l — K¢jpe) ~ € 25~

INP

X€3§’(—1)—|—%In27 s — 0. (1)

(proven by Krasovsly and Ehrhardt)
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The third proof
(Deift, Krasovsky, Zhou, I)

The RH problem to be solved is the following
one.

e Y (z) is holomorphic for all z ¢ 'y

o Y(o)=1

® Y_(Z) = Y_|_(Z) ) z €l q

o ={z:—a<argz < a}.

2 2

%mnn(a):— " [v12(0)]2.

sin? o
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g - function:

t+ 1+ /(z— ) (z— )

g(z) = >

e g(z) is holomorphic for all z ¢ I,

¢ 9 ()9 (2) =%, K =cos?2



Put

X(2) = 1 2793Y (2)(g(2)) "73k273

=

e X (z) is holomorphic for all z ¢ Iy,

o X(0)=1

g+(\"
2<g_<z>) 1

1 O

z el q
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Since ‘Zi“ég‘ <1, z#eT® we expect that

X(2) ~ X%2%):
e X9(2) is holomorphic for all z ¢ Iy

o XO(o0) =1

e X0(2) = X9 (2)

z el 4
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SOLUTION to the MODEL PROBLEM:

e Y T B )
Y

Xo(z) — ( 5_25—1 5_|_2§—1
2 2

where

=

5(2) — (Z + e—ioz)

The leading term of Widom's asymptotics, i.e.

d? n? Q
2 In Dp(a) ~ 7 sec2§ , (2)

(formally) follows. (Deift, Zhou, I, 1997)
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e More carefull analysis (see Appendix) along
the lines indicated allows to obtain the follow-
ing (rigorous) extension of (2).

d2 2

n
—= INnDp(a) = —
go2 " Pr(e) sin?

A(n,a), (3)

A(n,a) = sin2 % _ cos®(a/2)
’ 2 4n2

. D
O <n3 sin3(a/2)> S,

28

n — oo, Saéﬂ-a S>SO'
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e From the multiple integral representation of
Dy (a) one obtains

In Dn(a) =n?In(r —a) —nlin2x

+1n Ap + O((7 — @)?), (4)
where
n—1
dn=T] 22k(EN4 2

S 1(2k)2 2k + 1

— 0p V422 % (1 4 0(1)), n — oo.

(3) and (4) imply (1)

(Deift, Krasovsky, Zhou, I)
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Appendix

Put
P(\) = X1 (-1)X(=z(\)),
where
14+ tan&
() = S FAtEn;
1—z>\tan%

maps the interval [—1,1] to the arc I,.
e ®(N) is holomorphic for all X ¢ [—1, 1]

o P(o0) =1

1-v1-X2sina ™

2 2 —1
o CD_()\) — CD_|_()\) ll—l—\/ 1—X\2sin %]

1 0
Ae(—-1,1)
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Note:

e [he & - problem is regular in the neighbor-
hood of a =

e [ he following relation takes place

d2 n?
——1InD = — A(n,a),
da? n(e) sin? o ( )

where

2

Aln, o) = <D_1(—icotg;n,oz)cb(icotg;n,oz) :
2 2 12
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e [, satisfies Painlevé VI equation:

]
o

d .
n(t) = t(t — 1)£ INDyp, t=e 2@

(Deift, Zhou, I, Tracy, Widom)
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