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1. A New Method for Inverting Integrals
# Attenuated Radon Transform (SPECT)

e DtoNmapF(k = [ &HHOfndL, keC.
2. A New Method for Analysing BVPs

# Evolution PDEs in [0, 00) or [0, 1]
# Elliptic PDEs, moving BVPs, - - .

3. Integrable Nonlinear PDEsin4 +2and 3 + 1
# DS and KP type generalizations.
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|I.Inversion of I ntegrals-lmaging

- .

Ablowitz-F, Beals and Coifman (1982)

o1 + iGga—‘u —klo3, ul = Qu, keC, (x1,x)€R?
axl axz J J 7 7 J
(1 0 ) ( 0 q(x1,x2) )
03 = , Q=]
\ 0 -1 ) X q(xl,xz) 0 )

Nonlinear FT in 2D via the ¢ formalism
F-Gelfand (1992)

(0y, + 1y, — k) u(x1, x2, k) = g(x1, x2)

LNoveI derivation of 2D FT via o J
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F-Novikov (1992)

[ (k + = )&xl + = (k — —) xz] ‘u(xl,xz, k) f(xl,xz)
Novel derlvatlon of Radon transform

Novikov (2003), F (2004)

3 (k+ 1) n + 3 (k= 1) 9wty 22,0

+f(x1, x2)u(x1, X2, k) = g(x1,x2)

Derivation of attenuated Radon transform
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1.1 RADON TRANSFORM
Reconstruct f from its line integrals.

X1=Tcosb—psinO T=Xx1C08O+x,sIn 6
° H °
Xy =1 sin 0+ p cos 0 p=—x1Sin0+xcos O
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Direct Radon transform

F(z,p,0) = f(tcosO — psin0, tsin 0 + p cos 0).

f(p,0) = I F(t, p, 0)dr.

Inverse Radon transform(Filter Back Projection)

271
f (x],xz):% @, — 10y, f ¢'%H ©,—x1sin 6 + xcos H)dO,
0

1 [ f(,0) .,
HO,p) = O fpf)_pdp-




The reconstruction of the phantoms before the
filtering procedure.
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fII.2 MATHEMATICS OF SPECT

I = fe_fW)fdsng.
L

Reconstruct ¢ from its weighted line integrals
Direct Attenuated Radon transform

&/(p,0) = [ ek TerOG(a, p, O)dr
Inverse Attenuated Radon transform
g(x1/x2) — ﬁ(am o i&x2)°

: fo Z@'QH (6, x1cos O + xp8in B, xocos O — x18in B)dO

o
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where )
H(6,1,p)=ek F (S'P'G)ds{el"f (0.0 p=P fp.0) 4

4P f(p,0) p+ Pt f (p,e)} 3¢(p, 6)
and P* are the usual projectors

+ g(p) 00 g(p)
P* 8(,0) 2171 ~co p’ p



- .

Spectral analysis of a SINGLE equation— Analytic
Inversion of integrals

b+ 1)2u + 4 (= 1)t 0=, )

keC, (x,x)€eR? f(x)e€ S(R?



We look for u such that u = O(%) z — 00,

f(x] xz)dx1 dx),

, |kl #

(u(xll X2, k) stgr(lklz |k|2)

z#%(k—%)xl—%(k+%)x2

_ 270 (oo flp,0)dp
lu(xl X2/ k) _21n2 0 ee—k( Zoo pxp cos B sin@))d‘6




[11. A new method for BVP’s
=

l1l.1 Linear Problems

Gxx + qyy —4Aq =0,

Qxx + ny o 4/\Q — O,
(qu — CIQx)x + (qu — qu)y = (), (x, y) e D c R

Q:-AQ=0, Q="

(e‘ikz‘%zqz)E + (%e—ikz—%fq) =0, ze€D, keC.

o
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Global relation: D — N map

f o ka2 (qzdz — qu) =0, keC.
oD ik

Lax pair

. A A
pe—ikp =gz, pz—op=-oq, kel



_ X
t + qx + Qxxx = 0, q(O/ t) — gO(t)/ q(X, O) — 0]o(x)
w(k) = k- K
{e—ikx+ia)(k)tq}t _ {e—ikx+ia)(k)t[(k2 _ 1)q _ qux . qxx]}x -0

Uy —ikp =g

Uy +iw(k)u = (k2 —1)g — ikqy — Gxx
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1. Spectral Analysis — Two Maps
(A) Boundary Values — Spectral Functions

{ﬁlo(x)/ gO(t)/ Qx(O/ t)/ qxx(ol t)} — {é]\()(k)/ g(k)}
qo(k) = f . e M go(x)dx, Imk <0
0
g(k) = (K = D)go(w(k)) — ikg1(w(k)) — g2(w(k)), ke C,

T
’g’ — f eiw(k)tgo(t)dt,
0
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(B) {g0(k), §(k)} — q(x, t)

1 . 1 iV ~
q(x, t) — _f ezkx—za)(k)tq\o(k)dk + E‘fa‘ ezkx (k)tg(k)dk
— D

270 ) _o

D:lkeC, Imk>0, Imw(k)> D0}
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2. Global Relation — D to N Map
32 + kg1 = (K = 1)go — Go(k), Imk <0

wk) = wk), v-1v’=k-k, vV +vk+k’=1

Go(v1) — Go(v2)

o1 = —1(V1 +v2)Qo + 1
§1 = —1(v1 +v2)%o —

v2do(v1) — vido(v2)
V1 — V2

% =—(1+v112)go +
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Theorem (F and Sung)
Let g(x, t) satisfy

gt + Gy + Gxxx 0, O<x<oo, 0O0<t<T,

q(x,0) = go(x) € H'(RY)
9(0,t) = go(t) € H'(0,T), g0(0) = g0(0).
Then
_ 1 (7 mio®m 1 ikx—iw(k)t 2\ 5
q(x,t) = = Iooe Jo(k)dk + = f&De [(1 = 3k")30]
# L o) + 2 o)
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Lax pair: Deeper kind of separability

No transform in x

Heat equation: Uniformly convergent representation
New numerical schemes

Beyond separation of variables

Spectral origin and effective implementation of the
"Fundamental Principle"

=
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111.2 Nonlinear Problems

Direct Map: go(x) — qo(k),
Inverse Map: scalar RH problem.

Direct Map:

go(k) —

(a(k) b(k)

\ bk) a(k) )

, 8lk) —

(A(R) B(k) )

| B(k) A(k)

Inverse Map: Matrix RH problem involving exp[ikx —

and

y(k) =

b(k)
a(k)

I'(k) =

a(k)( k)a(k) ~b(k))

iw(k)t]

=

(9(0,1),4x(0, 1), 4:x(0, 1)} — g(k)

-
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Simple problems: solve global relation by algebra. In
general: solve the global relation by inverting integrals

dt — Qxxx T 4qx = 0

B(k) _ fU9b(v(k)) — a(v(k))
Alk)  f(k)a(v(k)) — bv(k))’

qg(0,t) = x, g«(0,t) = x+ 3x?,

v2+kv+k2+4—1:0, f(k):v—k 1-—].

1 v+k( 4vk)
X
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General case
The spectral functions are defined by

A(k) = 2FTDY(T, k), B(k) = X Ty (T, k),

where ®(t, k) = (D1, D,) satisfies :

(Dt+2ik203q) = (2kG0(t) + Gl(t)) O, t> O,k e C, (D(O, k) = ( (1) ),

with

0 gO(t)),Gl(t):(_|gO(t)|2 gl(t)).

Go(t)=( w0 21D 1go(t)P

o -
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Let go(x) = 0. Then the global relation becomes

T
f " [i| g0 (s) P D1 (s, k)— (2kgo(s)+ig1(s))Pa(s, K)lds = 0, ke O
0

()" : First quadrant of complex k—plane.
This can be solved in CLOSED FORM!
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For go(x) # 0 :

1) =S80 [ (0 ) - @ttt

41 —2ik>t b(k) = T
_ Ktle——o
+ 7 Joor e k&l(k) Z(t/ k)dk
_I_% (e—Zithk[q)l (t, k) — D (t, —k)] + lg()(t))dk,
T Jo0+
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el arge t asymptotics for decaying boundary conditions at
x=0 (F, Its)
Using the Deift-Zhou method

7= 2-a(@) exp| & + 2ia%(&) Int +iD(E)|+ o(1), t — oo,

& =—gand 3 =0(),

where

(k) = gz In (1= |y(0) = T(0)P),

O(k) = —6a*(k)In2 + T + arg(y(k) — T'(k))

+arg TQRic?(K) — 4 [*_In(€ - Dd(a2(£)),
I': gamma function
el arge t Asymptotics for periodic in t boundary conditions

at x =0 (Boutet-de Monvel, Kotlyarov)
LoSmaII dispersion limit (Kamvissis) J



V. Nonlinear PDEsIn 4+2 and 3+1

f(F, PRL, May 2006) T
du du -
g+033—y—k[03,H]+Qy—O, (¥)

1 1 _
X = E(g T 77),.1/ — E(g — T])/k = kl + lkz,
E=¢E1+1&, n=mn+in
(1 0 ( 0 g1(&1, &2, 11, 172)
O3 = p Q —
L \ 0 -1 ) \ %(51/ 52/ m, 172) 0 ) J




Nonlinear FT

o .

0]1,6]2 f1,f2

filk1, ko, A1, Ap) = ¢ f e~ Hlesi=h&atam=m) g 1) AE AEpdmdny,

R4

folk1, ko, A1, An) = ¢ f e~ H-herhibomlomhin) g, 111, A& AErdmdny,

R4

c = (2/m).
(&1, &2, m, M2, k1, ky) 1s determined in terms of
{gi(&1, &2, m, m2)}5 by (+) with

| U~T as [P+ &P + [mP + Il — oo -
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f1,f2 0]1,6]2

n (51, &, m, T]z) _ f e4i(k2€1—k1cSz+Azm—Amz)f1‘ulldkldkzd)\ld)\z

R4

(/]2(51, £, i, 1,,2) _ f 641'(—/\251+)\1€2—k2771+k1772)f2‘uzzdk1dk2d/\1dA2,
R

4

o -
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u is determined in terms of {f;(k{, k», /\1,/\2)}% by

du(ky, k
lu(l 2):f ‘Ll(/\l,/\2)'
R2

ok
( 0 e—4i(k2€1—k1€2+)\2771—)\1772)f1 )
dA1dA,,
\ e—4i(—/\251+/\152—k2771+k1772)f2 0 )

‘u~I+O(%), k — oo



Integrable PDESsIN 4+2
=

2 2
{CI;O)(&,‘EZ, 771,772)}1 — {f]-(o)(k1,k2, /\1,A2)}1
2
1

{ 1(O)Er fz(O)E_l} — {6]]'(51,52, M, 12, t1,t2)}

E — 841(/\1 Ar+kq kz)tz —ZZ(A% —/\% +k% —k%)tl

Then,
. 1
(=1)/dm; + Z(aé- +97)q7 — 9,97 (1192)7 = O,

ajlq — _l q(é,/ gé)

L < T JR2 5—5’

dé1dés.




Reductionsto 3+1
- o

independence of t; & AAy + kiko =0

Linear limit:
d%q ]

+ = 0.
d&10Ey  dndny

KP type

%9 _19°q 391, 3,199
of 40w 279x T 1T o2

Lindependence of t) & kI — AJ + 3415 = 3kik5 = 0 J





