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Main thread of research: matrix models for the #-ensembles.
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Hermite model (Alan Edelman and 1.D.; 2001)
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Note: 3 =1,2,4 correspond to the Gaussian ensembles GOE, GUE, GSE.



Main thread of research: matrix models for the #-ensembles.

Laguerre model (Alan Edelman and 1.D., 2001)
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Note: § =1,2,4 and a = nB/2 correspond to the Wishart ensembles real,
complex, quaternion.



Main thread of research: matrix models for the #-ensembles.

Jacobi model (Irina Nenciu and Rowan Killip, 2004; Brian Sutton, 2005)
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Main thread of research: matrix models for the #-ensembles.

Jacobi model (Irina Nenciu and Rowan Killip, 2004; Brian Sutton, 2005)
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Note: = 1,2,4 and a = n18/2, b = nyB3/2 correspond to the MANOVA
ensembles real, complex, quaternion.



Main thread of research: matrix models for the #-ensembles.

Hermite model (Alan Edelman and 1.D.; 2001)
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Main thread of research: matrix models for the #-ensembles.

Applications:

e Practical.



B¢ {1,2,4} used to describe traffic flow in Germany
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Traffic flow can be mnderstood as a realization of a bread class of one dmensional physical systems, where
a hard core repulsive inferaction competes with 2 longer ranged atiraction between the particles. It can be
shown ngorously that the statistical properties of such systems in thermal egulibriom are well described by a
famuly of distibutions that stems from the random matrix theory. Analvzing the traffic data from different
sources, we show that traffic on real roads belongs to that class of random matnx dismbutions. Also, varions
traffic stulation models show a simular behavior. It 15 demonsirated m such a way that the headway distn-
buticn of a highway traffic. that serves usually as a paradigm of systems driven far from equilibrium, is
reasonably well described by a distribution originating from equilibrium statistical physics.

DOL 10.1103/PhysRevE.64.066119

L RANDOM MATRIX THEORY AND TRAFFIC

Fandom matyix theory (EMT) appears to be a very wni-
versal mstrument. Originally invented to model the energy
levels of atomic nuclel it tums cut to be useful in a wide
range of different systems and occasions. OFf special impos-
tance 15 the deep connection between classical chaotic sys-
temis and their quantum mechanical counterparts.

This paper reports on a work done on another connection,
that between BEMT and coe dimensional many particle sys-
tems, with a special focus on traffic. For illustration, this
relation will be discussed fiest with the help of the Dyson gas
where it is known to be exact. The Dyson gas describes the
equilibrium properties of a one dimensional aystem of N par-

PACS mumberis): 39.40.+k 0545 —a 05.70.—2

It 13 well known that the statistical properties of the Dyson
gas wm thermal equilibrinm are exactly described by EMT. In
particular, for the heat bath inverse temperature #=1 or &
=2 the Dyson gas conforms to the orfhogonal/unitary en-
semble of random matrices, respectively. In this respect two
prominent statistical distributions are commonly discussed:
the spacing distribution and the oumber vanance. The spac-
g distribution P(s) describes the probability density that
two neighboring particles are found with mutual distance
equal to 5. The distribution F{s5) 15 scaled so that the mean
distance equals ome: {s}=]s P(s)ds=1. It takes into ac-
count ocnly the two particle correlations and 15 therefore very
robust and not sensitive to the detailed properties of the sys-
tem. A more sensitive measure for discussing the correlations
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FIG. 3. Comparison betwesn Eq. (11) and the
best fit of Eg. i4). The full lme represents Eq. (4)
3 a5 for @=1.86 and bars display the time headway of
4 CA model for ¢=03. The same for 5=1.1%80
and ¢=0.23 15 vistble in the mset.
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Time Iferva] batween two subsequent cars

This safety conditions can be transformed into a set of up-
date rules as follows:
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does not allow time headways smaller than one time step.
Therefore 1t 15 necessary to shift the probabality Eq. (11) by
one timestep to the left in order to compare with the EMT
result, Eq. (4). The results for ¢ =05, ¢=10.23, respectively.
are shown m Fig. 3. Mote that the interaction between the
cars of the CA meodel leads to a short ranged repulsion, but
additionally to a medivm ranged attraction (in the vicinity of
z=1] that probably causes the discrepancy in the tune head-
wav statistics close to the maximum of the curve mn Fig. 3.



With the matrix models, we can finally sample and construct estimators!

What’s my (7... courtesy of Cy Chan

http://people.csail.mit.edu/cychan /BetaEstimator.html

Beta Estimator
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Main thread of research: matrix models for the #-ensembles.

Applications:

e Practical.

e Half and half.



We can now approximate level densities of “large” 3 by
a sum of Gaussians!
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Main thread of research: matrix models for the #-ensembles.

Applications:
e Practical.

e Half and half.

e Theoretical (but with no exclusivity claims.)
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Outline.

1. A Central Limit Theorem (Kurt Johansson, 1998)

2. A (partial) combinatorial approach to the CLT based on the ma-
trix models. (Alan Edelman and 1.D.; 2006)

3. Extension to a fuller result by concentration methods (Ofer Zeitouni
and [.D., in preparation)

3.a. Reduction to compactly supported functions (Gershgorin).
3.b. Proof for a slightly different model (Guionnet-Zeitouni).
3.c. Tying up the loose ends (Lidskii, Gershgorin).



A beautiful theorem.

CLT Theorem. (Johansson, 1998)
Let h be a “nice” function, and \;, ¢ = 1,n the scaled eigenvalues
of the S-Hermite ensemble. Then

N N e
> h(X) /1h( W1—z2der =

: 70 _
1=1

— N ((1 _ %) M(h),%&(h)) |

Remark 1. This is stronger than the semicircle law.

Remark 2. The theorem is even stronger; Hermite means potential
V(x) = 2% in fact, it works for V(z) in a much larger polynomial
class.



A beautiful theorem.

CLT Theorem. (Johansson, 1998)
Let h be a “nice” function, and \;, ¢ = 1,n the scaled eigenvalues

of the S-Hermite ensemble. Then

> h(X) — 2—"/1 Mz)V1—22de =
i=1 Tl

— N ((1 _ %) u(h),% ﬁh)) |
Works for

e all (.
e many V(x),

e /) differentiable, roughly of polynomial growth and with
polynomially-growing derivative.



A combinatorial, matrix-based approach.

(Much) weaker CLT. (Edelman and D., 2006)
Let h be a polynomial, and \;, ¢ = 1, n the scaled eigenvalues of the
(-Hermite ensemble. Then

n 1
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Works for
e all (.
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e /) polynomial.



Extension via linear algebra and probability.

(Slightly) stronger CLT for Hermite. (Zeitouni and D., -)
Let h be a “nice” function, and A;, ¢ = 1,n the scaled eigenvalues

of the S-Hermite ensemble. Then

> h(X) — 2—"/1 Mz)V1—22de =
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Works for

e all (.
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e / Lipschitz on open intervals, and of polynomial growth.
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Sketch of idea.

Would like to approximate a “ nice” function h by a sequence of
polynomials py, (on compact sets); remainder should be small with

high probability.

Let pp, — h on C € R, n||pn, — h|| — 0 (plus some other reqular-
ity). Then

! 1
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Need to show (e.g.) that for any C,

n n

C
Pri| > h(x) =) puN)| > C| < =5 llpa—hl|.
i=1

1=1




Reduction to compactly supported functions.

n
We are essentially concerned with > h()\;); we know (semicircle law)
1=1

1 n
525)\2 — Hs
1=1

where dpug(x) = % 1 — 22

that

Enough to show that the probability of at least one of the eigenvalues
being large (outside [—K, K|, K > 1) decays ezponentially in K
and n (since h will grow polynomially).

To show this we use Gershgorin’s theorem.



Reduction to compactly supported functions.

Recall the scaled matrix

[ N(0,2) X(n_1)5 \
1| Xens NO2) X2y

Mo~ s s

Xzé N(.(.);Q) X33
\ X3 N(Ov 2))

All Gershgorin disks have centers distributed like N (0,1)/y/n ,
typical Gershgorin radius is distributed like ¢ yon/+/n, 0 < a < 1.

But, for K > c,
2
Pr(| N(O,1)| + ¢xan) > Kvn| <ce @b,
q.e.d.



A very useful result.

Theorem. (Guionnet-Zeitouni, 2000)
Let A = (a;j) be a random matrix such that a;; have distributions

v which satisfy the log-Sobolev inequality with uniform constant c,
i.e., for all differentiable f,
2

/fQIng]];dydu < 2c/\f’\2du,

then for any Lipschitz function h, for any C.

A 2
Pr|D> h(N)—E > h(\)||>C| <2 e
1=1 1=1

where hp is the Lipschitz constant for h.



Sounds perfect!



Sounds perfect!

except...



Sounds perfect!
except...

the v function does not satisty log-Sobolev constraints.



Sounds perfect!
except...

the v function does not satisty log-Sobolev constraints.

But the Gaussian does.
Fixup: approximate y by (zaussian:

1
Xr ~ ¢ + —=N(0,1) + small .

V2
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A slightly perturbed model.

The Guionnet-Zeitouni theorem works for

~
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Tying up loose ends.

Note that Hgyg = Hz — Hpy looks, entry by entry, like

( ( U n(;—l)

1 0 1
n(n—1) n(n—2)
Hyg=0
L
vonoo
NG

\\

and the variables have uniformly bounded variance.




Tying up loose ends.

It A; are eigenvalues of Hg and )\, are eigenvalues of H 3, then for a
Lipshitz h (with hp)

> h(A) = h(AN)] < he Y hi— Al
i=1

1=1 1=1




Tying up loose ends.

It A; are eigenvalues of Hg and )\, are eigenvalues of H 3, then for a
Lipshitz h (with hp)

> h(A) = h(AN)] < he Y hi— Al
i=1

1=1 1=1

By Lidskii’s theorem,

n i n
D= NI <) PDail
1=1 1=1

where )‘diﬂ}- are the eigenvalues of H j;f.



Tying up loose ends.

By Gershgorin,

n N n
PR SZO(
1=1 1=1

and thus by Chebyshev,

Pr

> h(A) = h(N)

1=1 1=1
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Wrap-up.

(Slightly) stronger CLT for Hermite. (Zeitouni and D., -)
Let h be a “nice” function, and \;, 2 = 1, n the scaled eigenvalues
of the S-Hermite ensemble. Then

f:h(xi) _ 27” / 11 )V — 22de  —
1=1 o
— N ((1 _ %) u(h),%UQ(h)) |
Works for
e all (.
o V(z) =1?

e / Lipschitz on open intervals, and of polynomial growth.



