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Introduction
Painlevé equations—integrable systems

Reductions of self-dual Yang-Mills (SDYM) and a 3x3
system related to Darboux-Halphen system— “DH-9”:

Solution of DH-9 via Schwarzian Equations

Reductions of DH-9 to “generalized” and “classical”
Chazy equations

Classical Chazy eqg.—another form of solution: Modular
forms

Connection to differential equations of Ramanujan
Nevalinna theory—discrete Painlevé type equations
Conclusion
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Introduction

Wide interest in integrable systems; many mathematically and
physically interesting systems.
1+ 1 dimension

® KdV: wu+6uu,+ ty, =0
® mKdV: u; +6uu, + iy, =0

® NLS:  iuy+uy £2ufu=0
2 + 1 dimension

® KP:  (u + 6Ully + Uyyy)y £ 31, =0

® DS:  iuy+ Uy + o1y, + Pu=>0
bex — Gl¢yy = 262(|u|2)xx ;0= il;j =1,2



Solutions

Rapid decay:

Riemann-Hilbert BVP; DBAR =
Linear integral equations

Soliton solutions

2+1dim: rapid decay from line solitons

Periodic/quasi-periodic solutions
Systems of ODE’s
transform to multidimensional theta functions

Self-similar solutions
ODE-Painlevé type

Automorphic functions: Darboux-Halphen-Chazy class



Self-similar solutions

ut + 6uux + uxxx — O

1973: MJA & A. Newell: from Gel'fand-Levitan-Marchenko
t — oo = self-similar solution

u(x, t) ~ mymf(2), z = G for lziml = O(1)
7 +e6ff —(@zf ' +2f)=0
Note: f = —(w’ + w?) leads to second Painlevé equation:

w” — (zw +2w’) =a, PII

a =const. Similarity Solution’s are physically important.



Asymptotics mKdV. t — oo

Mt - 6u2ux + uxxx — O

Asymptotic analysis leads to a SZOZUZ]/ oar ying

similarity solution (cf. MJA & H. Segur, 1977-1981;
MJA: Courant lecture: Feb. 1978)

1 X

u(x,t) ~ (3t)1/3w(z), zZ = G

w” — (zw + 2w’) = 0

w = w(z,c1,C2), Where ¢; = ¢;(§), &= x/t.

From slowly varying similarity solution: when £ = x/t —» 0 =>
connection formulae for PII



Connection Formulae— PII

w” — (zw + 2w’) = 0

w(z) ~ 1gAi(z),z — oo

d .
w(z) ~ |ZTO/45m6'Z — —00

where: 6 = 2|z’ — 2d2loglz| + Op; [rol < 1

Find the connection formulae
do = —%108(1 — |rol?)

0o =% — %ngdé —arg{T'(1 — idz—%)}

Thus given the constant ry as z — co we have explicit
formulae for the values of the constants as z — —oo, I.€.
do = do(ro)

6o = O(10)

Cf. (MJA & H. Seqgur, 1981)



Asymptotics t — oo (con'’t)

Many other workers have studied long time asymptotic
solutions of integrable systems, notably S. Manakov and
Deift, Zhou and co-workers who developed stationary phase
methods for Riemann-Hilbert problems.

Another problem where such "modulated” similarity solutions
arise is critical self focusing of
Benney-Roskes-Davey-Stewartson coupled NLS-type
systems. cf. MJA, |. Bakirtas and B. Ilan, 2005, and ref.
therein.

Context and breadth slowly varying similarity solutions
associated with asymptotic solutions is still open.



Integrable systems—ODE’s of P-Type

Self-similar reductions of integrable systems—MJA,
A. Ramani, H. Seqgur: 1977,1978, 1980, 1981.

Reductions: mKdV => PII; Boussinesqg => PI; Sine-Gordon
=> PIII;...; (SDYM) => all six Painlevé equations in general
position; cf. Mason and Woodhouse, 1993, 1996

Painlevé (P) type equations have no movable branch points.
NLPDE'’s solvable by inverse scattering transform (IST)
deeply connected to P- type equations; the solutions of the
underlying linear integral equations only yield movable poles

Solution of NLPDE via IST; solution of P-type equations IMT
(iIso-monodromy transform)

cf. Flashka & Newell '80. MJA & Fokas '83, Mason &
Woodhouse ’96, Bolibruch, Its, Kapaev '04...

Open: complete analysis of PVI via IMT
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P-Type Equations
P-Type: ODE has no movable branch points

Fuch’s, Kovalaveskya, Painlevé, Gambier, Chazy...

1st order ODE:
y, = F(z, ]/)
Rational in y, locally analytic (l.a.) in z
Find: only Ricatti equation of P-Type:
E = ap(2) + m(2)y + a(2)y?

2nd order ODE:

y// — F(Z’ y, yl)

Rational in v, v, l.a. in z. 50 classes of equations;
Including linear eq., reductions to Ricatti and and 6
Painlevé transcendents.



Painlevé equations

y" =6y’ +z, PI

y' =zy+y +a, PII
a=const.
’ 2 +
A S 1T
y =z 2 Yy
a, B, v,o6=const.

Third order equations: full classification of v’ = F(y, vy, y”, z)
still open. Chazy (1909-1911) found interesting systems with
movable natural boundaries.



Reduction SDYM

SDYM:

Fozﬁ — O,F@‘g — O
FO(O? + F‘Bﬁ_ — O
where
Faﬁ — aa%@ — 3[3704 — [7/041 )//3]
and [)/ou Vﬁ] =YaVp —VgYa _
Cartesiancood.: a =t+iz,a=t—iz,f=x+iy,f =x— 1y

Reductions of SDYM:

1. vila,a, B, B)— > va(@), va(a, B), ...
2. choice of algebra: gI(N), su(N)...

3. gauge freedom: y,— > (fy, — dof)f



1D Reductions of SDYM

Take:
Vo = Vi +1y, = Vo +1)3

yp=rxtiyy=yitiyz
guage: yo=0;y,=vyt),j=1,2,3

Fop = 0ayp = 9pya — [Va, gl = 0:(y1 +iy2) = [iys, y1 +1y2]1 =0
Formally, real, imaginary parts =>

diy1 =y ysl, 1,2,3 cyclic

Simplest case: y(t) = wi(t)X; su(2) : [X;, Xkl = X €uXi
where ey IS antisym tensor and €13 = 1. Find

diw1 = wrws, 1,2,3 cyclic



1D Reductions of SDYM—con't

diw1 = wrws, 1,2,3 cyclic

Note:
d
= Ecosho(t), w, = Esinhd(t), ws = ——

E=const. find:
2¢ E2
e~ 2
Solution is in terms of elliptic functions.

—sinhg



Darboux-Halphen Systems
diyr =1[v2,vsl, 1,2,3 cyclic
Set yi(t) = Lk OMj(t) Xy where:

(X, Xi] = Y. €juXi, OO" =1,0e€ so(3),
Xl(o]k) = Zp €lpr]'p, Sdlff(SB)

Find M = {M;(t)} satisfies:

M = (detM)(M )T + MTM — (TrM)M (DH - 9)
Chakravarty, MJA, Takhtajan, 1992. M = diag(w;, @», w3) find

8ta)1 = WHrW3 — a)l(a)z + a)3), 1,2,3 CyCliC (DH)
Chakravarty, MJA, Clarkson, 1990



Solution of DH-9

Solution of DH-9 can be written in terms of Schwarzian
functions (MJA,Chakravarty, Halburd, 1999) which satisfy

{s, t} + %V(s) =0

1— 2 1— 2 2+ 2—0(2—1
where V(s) = szﬁ + (5—71/)2 +F sy(s—l)

t —s; s(t) single valued if

s(t) conformal map

11

1
a:T,,B:%,)/: , IlmneZ

n

Schwarzian eq. can be linearized: {s, t} = —${t, s},

i.e. 1(s) = y1/y» where y;, j = 1,2 satisfy:  y” + ;V(s)y = 0.
Solution has a movable natural boundary which is a circle.
Radius and center depend on |.C.’s.



Solution of DH-9-detalls

& = (detM)(M™)" + MM — (TrM)M  (DH - 9)
M = P(D + a)P?

where P, D, a satisfy:

dP _ — Ji —
o = —Pa, D =diag(w,wy ws3), a;= 2k €ijk Tk

w1 = Wrws — 1wy + w3) + 72, 1,2,3 cyclic

i Z ’l’i, dit1 = —11(w2 + w3), 1,2,3 cyclic
k



Solution of DH-9—detalls con’t

@ ——1ilo ° @ ——1£lo S o, ——1£lo >

YT gs(s—l)' 2= T 851 BT T 8
S Klé S KQS T = K3S
PTG =D T ss =127 U T g5 — 1)

k; = const., j =1,2,3 where s(t) satisfies a Schwarzian eq.

S'Z

{S, t} + EV(S) =0

where

1-p% | 1-? 2+y?—a?-1
V(s) = Sf + oot d o a = =2K5, B =215,y = 243




Solution of DH-9-Schwarzian

S'Z

{s, t} + EV(S) =(
where

1—152 1—)/2_'_,824—)/2—0(2—1

V() = s i (s —1)? s(s—1)

s(t) conformal map t — s; s(t) single valued if

1 1 1

a:T,,B:a,y: , IlmmneZ

n

Schwarzian eq. can be linearized: {s, t} = —s*{t,s}, t(s) = y1/v>
where y;, j = 1,2 satisfy:  y” + ;V(s)y =0. Solution has a
movable natural boundary which is a circle. Radius and
center depend on initial conditions.



Darboux-Halphen -Chazy

When M = diag(w1, w,, wsz) DH-9 reduces to:

8ta)1 = WHrW3 — C()l(a)z + a)3), 1,2,3 CyCliC (DH)
Let y = —2(w;1 + wy + w3) find classical Chazy eq.

d3y -2 d2y+3 4y =0 (C

When: a = =y =2/n (DH-9) ylelds fory = -2TrM

d>y . d*y dy, 4 6dy
dt3 dt? dt) 36— n2( dt
GC: Gneralized Chazy eq. (MJA,Chakravarty, Halburd, 1999).

n = oo => (C). Chazy eq. have movable natural
boundary—circle.

- y°)* (GO)




Chazy Eg. — Modular Functions

&y Ly _dy,
%—Zyﬁ+3(%) =0 (O

(C) admits symmetry:

_ 1 6¢ _at+Db
Yy Y= (ct+d)2y(y(t))_ct+d' yit) = ct +d

where ad — bc = 1. Special solution of (C)

y(t) = inEy(t) = im(1 — 24 Z oi(n)g"), q =&
n=1

o1(n) = X4, d = sum of divisors of n; E,(t) satisfies above

symmetry with a, b, ¢, d integers—it is a quasi-modular form.

MJA, Chakravarty, Takhtajan 1991.



Chazy Eg. — Modular Func.—con'’t

Solution of Chazy also written as: y(t) = %%logA(t)
where

o0

AQ(t) S P :
A® = e = O U(l —qg7* =Yt

1

y(t) = %L, g =¥, C = (2m)'?, t(n) = Ramanujan coef.
A(t) satisfies
A4A? — 5AGA A2 — 3A2A? + 12AA2A, — BA% = 0

where A, = £2;  Rankine: 1956.



Chazy and Ramanujan Equations

Ramnujan (1916) showed that the arithmetic functions

P(q) = (1 -24}Y.,-, 01(n)q") = Ex(t)
Qg) = (1 +240 1,2, 03(n)q") = Ea(t)
R(q) = (1-504 ¥, o5(n)g") = Eq(t)
or(n) = Zd/n d*=sum of divisors of n to kth power, satisfy
= (P2 Q (1)
dQ =2 (PQ-R) (2)
m(PR Q%) (3)

From (1): Q = P2 + 94; then (2) => R = R[p, 2, 2]
Eqg. (3)Is a 3rd order eq for P(t). Letting P(t) = % =>
@ — 2y dtz +3( )2 0 Chazy => P,Q,R!



Chazy and Ramanujan Eg. -con’t

Ramanujan type system for generalized Chazy:

=58P -Q) (1)
dQ = Z(PQ - R) (2')
=in(PR- QX1+ 2%5)) (3)

3rd order eq. for P(f) = L2 =>

d>y d*y )
2 G

4 dy

36— 207 y*)* (GC)
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Conclusion

Reductions of integrable systems yield: Painleve and
Chazy type equations.

In particular, reduction of SDYM => 3x3 matrix system:
DH-9. This system can be solved in terms of Schwarzian
triangle functions.

Special cases include Classical Chazy and Generalized
Chazy eq.

Classical Chazy also has solution E;(t)

Ramanujan found a 3rd order system for E;(t), j =2,4,6
which reduces to Classical Chazy (MJA,Chakravarty,
Halburd, 2003)



Conclusion—con'’t

Thus Chazy (1909-1911) and Ramanujan (1916) worked on
the same equations . But from a totally different perspective.
Hahn recently showed, using previous result of Ramamani,
that functions in a subgroup of SL(2,2): I'y(IN) satisfies a
different 3rd order scalar eq.

Open:

#® Obtain other integrable systems that of number theoretic
Importance.

#® Solve DH-9 by moving monodromy methods; cf.
Chakravarty, MJA 1996 for “DH-5".

® Are there interesting "1+1, 2+1" DH- type systems that
can be studied by IST methods?



	Outline
	Introduction
	Solutions
	Self-similar solutions 
	Asymptotics mKdV: ~~$t 
ightarrow infty $ 
	Connection Formulae-- PII
	Asymptotics ~~$t 
ightarrow infty $ ~~(con't)
	Integrable systems--ODE's of P-Type
	 P-Type Equations
	Painlev'e equations
	Reduction SDYM
	1D Reductions of SDYM
	1D Reductions of SDYM--con't
	Darboux-Halphen Systems
	Solution of DH-9
	Solution of DH-9-details
	Solution of DH-9--details con't
	Solution of DH-9--Schwarzian
	Darboux-Halphen -Chazy
	Chazy Eq. -- Modular Functions
	Chazy Eq. -- Modular Func.--con't
	Chazy and Ramanujan Equations
	Chazy and Ramanujan Eq. -con't
	Conclusion
	Conclusion--con't

